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characteristic classes of Bott for the diffeomorphism group of a manifold are the partial cases of 
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Introduction 
Cohomology theory of abstract groups and its continuous variant for topological 
groups have a long history. A recent interest in this theory in physics is connected with 
the relationship of cocycles of gauge groups with gauge anomalies (see, for example, 
[lo]). Since the calculation of all cohomology groups of abstract groups is very difficult, 
there arises a problem to find some cohomology classes and to point out the explicit 
formulas for their cocycles. 
The main purpose of this paper is to show that many cohomology classes of groups 
often result from actions of these groups on manifolds, and hence can be considered as 
characteristic classes of these actions. 
In Section 1 we construct the spectral sequence E, with the term Egfq = 
HP(G; W(K)) associated with an action of a group G on a cochain complex K. The 
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cohomology H*( KG) of the complex 1~ rG of G-invariant cochains of K is mapped into 
the member E, of the above sequence and this map, for some interesting cases, can 
be considered as the map of H*(KG) into H*(G; H*(K)). When K is a continuous 
complex and G is a topological group acting continuously on K, the continuous variant 
of this construction is given. 
In Section 2 we apply this reasoning to a topological space X with an action of a 
group G and some cohomology cochain complex C*(X; A) with coefficients in a group 
A; get the characteristic map X : H*(C*(X;A)G) -+ E,, its continuous variant and 
the geometrical interpretation of the corresponding spectral sequence. 
In Section 3 we show how to get the characteristic map for the automorphism group 
G of a smooth principal H-bundle, where H is a Lie group, and the explicit formulas 
for the characteristic cocycles, which coincide with the cocycles of the paper [lo]. 
In Section 4 we consider a foliation F of codimension n on a manifold M and the char- 
acteristic map for the group G of diffeomorphisms of M preserving F, and show that 
characteristic classes of G appear from the Gelfand-Fuks cohomology H*(Q, GL(n, IR)) 
and H*(Q,O(n)), h w ere a is the Lie algebra of formal vector fields on lRn. In case when 
dim M = n, F is the trivial foliation, and G = Diff M we prove that the characteris- 
tic map vanishes on the kernel of the homomorphism H*(2l,GL(n,IR) -+ H*(?2l,O(n)) 
and get the explicit formulas for cocycles of some characteristic classes arising from 
H2n+1(%, O(n)). Th ese formulas coincide with the formulas of corresponding cocycles 
of R. Bott [3]. It is shown how to generalize these results on a certain class of foliations. 
Finally, we point out the connection between the Atiyah-Patodi-Singer functional 77 [l] 
on the space of Riemannian metrics on an oriented closed (4lc- 1)-dimensional manifold 
M and our characteristic classes of Diff M, and show that functionals of this kind can 
exist for fixed M and any polynomial in the universal Pontrjagin classes. 
All manifolds, maps, vector fields, etc., considered throughout the paper, belong to 
the class 6’“. 
1. Some algebraic constructions 
Suppose Ir’ = {Kq, dQ} is a cochain complex and G is a group acting on K by means 
of automorphisms of K. Then we have the complex k ‘rG of G-invariant cochains of K; 
the inclusion KG c Ir’ induces the homomorphism of cohomology groups h : Hq(KG) + 
Hq(K). 
Let CP*q = Cr~q(G, K) be the space of maps of GP into Ii’J for p > 0 and Co’9 = Iis. 
Define the maps 6’ : CPjQ + CP+ltq and 6” : CP~q + CrJ+’ as follows: 
Wh. ..,gp+1) =w(s2,...,gp+1) 
+~(-l)"c(g1,...,g;g;+1,...,9,+1)t(-l)~+'c(gl,...,g,), 
i=l 
(~/'Ckil, * * vL7p) = (-w4h~*4p), 
wherecECp+r,gr,..., gp+r E G and d is the exterior derivative. It is obvious that (6’)2 = 
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0, (6”)2 = Cl and 6’S” + S”6’ = 0; then C(G,K) = {CP+J,S’,#‘) is a double complex. 
It is known that the complex {C pjq,S’} is the standard complex of non-homogeneous 
cochains of G with coefficients in Ii. In the sequel we will consider C(G, K) as a cochain 
complex with the total differential S = 6’ + 6”. 
Consider the first filtration F,C(G, K) = $n2p,q2D C”lq (p = 0, 1,. . .) of the double 
complex C(G, K) and the associated spectral sequence E, = {ETp”}. It is easily proved 
that Eivq = Hf’(G; Hq(K)), w h ere the structure of a G-module of HP(K) is induced by 
the action of G on K. Let Hi be the image of H”(F,C(G, K)) under the homomorphism 
H”(F&‘(G, K)) + H”(C(G, K)) induced by the inclusion F,C(G, K) c C(G, Ii). By 
definition of a spectral sequence, Ezq = w,‘+“/H~~,” and Egg = ‘E2pTq/“E2pvq, where 
‘Epyq and “E2PTq are certain subspaces of Eivq. 2 
Suppose that a is a non-trivial element of H P+Q(C(G, K)) and p is the highest number 
such that a E HpP+q. Then the image a’ of a under the projection HpP+q -+ H,“+“/H,“,‘p 
is the non-trivial element of E, . pTq Let us remark that in applications we often have 
“Eipq = 0; for example, when q is the highest dimension of the non-trivial cohomology 
groups of K. In this case, a’ E Hp(G; Hq(K)). 
Now note that the inclusions fr’q c C”lq (Q = 0, 1, . . . ) induce a homomorphism of 
complexes j : KG - C*(G,K) (n = O,l,... ) and the associated homomorphism of 
cohomology groups j* : H”(KG) + H”(G,K). Define the map x : H*(KG) -+ E, = 
@p,q Egg assigning to each 1 E H*(KG) the result of the above construction to j*(l) if 
j*(Z) # 0, and 0 if j*(1) = 0. 
Finally, let us remark that, if K is a continuous complex, i.e. if Kg are topological 
spaces, & are continuous maps (q = 0, 1,. . .), and G is a topological group acting 
continuously on K, we can apply the above reasoning to the complex Ccont(G,li) 
of continuous cochains of the complex C(G, A’) and get the spectral sequence ET,C such 
that Eg’z = H!(G; H’J(K)), w h ere the index c means the continuous cohomology in the 
sense 0; van Est [5] and Mostow [9], and the map xc : H*(K&,) + E,,,. 
Suppose that c is a non-trivial n-cocycle of KG and there exists a collection of 
cochains c; E Ci+-i-l ’ s,,co, s,c; = _-s,,c,+l (z 2 1 0,. . . , q) such that c - S(CO + . . . + cq) = --S’cq, i.e., c = 
z ,“‘, q - 1); then the element of E, induced by c belongs 
to Epvnmp, where p > q. In the continuous case, for such a statement we must have 
c; E $,i-l (i = l,...,q). 
2. Characteristic classes of transformation groups 
Suppose that X is a topological space and G is a transformation group of X, i.e., 
G acts on X by means of homeomorphisms of X and G is considered as an abstract 
group. If A is an abelian group and C*(X;A) is a standard cochain complex defining 
the cohomology of X with coefficients in A, the action of G on X induces the action of G 
on C*(X; A). Thus, we can put Ir’ = C*(X; A) and apply the construction of Section 1 
to G and C*(G; A) and get the associated complex C(G,X;A) = C(G,C*(X;A)), the 
spectral sequence E, and the maps h and x. 
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Definition. The map x for the transformation group G and the cochain complex 
C*(X; A) is called the characteristic map of G; classes of the image of x are called the 
characteristic classes of G. 
Note that the characteristic map x depends on a choice of the complex C*(X; A). 
The filtering degree p of E, = {Egq} generates the graduation of the characteris- 
tic classes of G. We shall say that a characteristic class cr has order p, if a E Epy*. 
By definition, the zero class has an arbitrary order. It is easily proved that the set 
of characteristic classes of order 0 coincides with Im h, where h is the natural map 
H*(C(X; A)G) + H*(X;A). As we shall see later, in applications these classes often 
coincide with known characteristic classes of different structures. 
We have the following geometrical interpretation of the cohomology H*(G, X; A) of 
the complex C(G,X; A). 0 ne lets G act freely and properly on a contractible space 
EG and form the homotopy quotient EG XG X. It is obvious that the projection pl : 
EG x X + EG agrees with the actions of G on EG x X and EG, and, therefore, 
induces the map pi : EG XG X + BG, where BG = EGIG is the classifying space 
of G. Therefore EG XG X is a locally trivial fibre bundle over BG with fibre X and 
group G. For the Leray-Serre spectral sequence of this fibre bundle we have Egyq = 
HP( BG; Hq(X; A)) = HP(G; Hq(X; A)). It is easily proved that, begining at the term 
E2, this spectral sequence is isomorphic to the spectral sequence of Section 1 for G 
and C*(X; A). Thus, the cohomology H*(G,X; A) is isomorphic to H*(EG XG X; A). 
The cohomology H*(EG xG X; A) recalls Borel’s equivariant cohomology of G-space 
X, however, in our case G is considered as an abstract group. 
Now we show how to use the homomorphism j* : H*(C*(X; A)G) 4 H*(EG XG X) 
for getting characteristic classes of the fibre bundle E with fiber X, discrete group G 
and arcwise connected base B admitting an universal covering space B. It is known 
[ll] that the fiber bundle E is defined up to an equivalence by the homomorphism 
k : n + G given up to an inner isomorphism of G, where ?r = nl(B) is the fundamental 
group of B. 
Consider the Eilenberg-Maclane space Ir’ = K(n, l), the canonical map T : B -+ K, 
given up to a homotopy, and the universal covering space k of K. Since B and k are 
a-spaces, the map T induces the morphism of n-spaces B + R, k induces the action of 
r on X and EG; we obtain the following sequence of fiber bundle morphism 
It is obvious that the fiber bundle B xT X is equivalent to E; hence the com- 
position s of these morphism induces the corresponding cohomology homomorphism 
s* : H*(EG xGX;A) ---f H*(E; A). The map s* o j* : H*(C*(X; A)G) -+ H*(E; A) can 
be considered as the characteristic map and classes of Im(s*oj*) can be called the char- 
acteristic classes of E. This characteristic map can be used to prove the non-triviality 
of classes of Imj* and, hence, the non-triviality of characteristic classes of G. 
Example 1. Suppose that X is an arcwise connected regular covering space of a 
locally arcwise connected space Y; then X is a principal fiber bundle over Y with 
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some discrete group G and we can apply the above construction to the space X 
and the group G. It is obvious that H*(C*(X; A)G) = H*(Y;A) and our spectral 
sequence E, is the classical spectral sequence of a covering space [8]. Since, in this 
case, H*(C(G,X;A)) = H*(Y;A), th e c h aracteristic map X is the natural map of 
the module H*(Y; A) filtered by the submodules HP* (p = O,l,. . .) onto the adjoint 
graduated module @+-, Hp*/H,*+,. 
The main applications of the general theory concern the case, when X is a smooth 
manifold of class C”, G is a subgroup of Diff X, and C*(X; A) is the de Rham complex 
n*(X). In this case, G has a natural topology and we usually use the complex of 
continuous cochains of G. 
Example 2. Suppose that G is a Lie group and K is a compact subgroup of G. Put 
X = G/K and C*(X; A) = R*(X), then th e corresponding spectral sequence is the van 
Est spectral sequence [6], H*(G,X;IW) = H*(g, K;Iw) and Eg,‘z = HE(G; Hq(X; Iw)). 
The characteristic map X is the natural map of the vector space H*(g,K;IW) filtered 
by the subspaces HP* (p = 0, 1,. . . ) onto the adjoint graduated space @pbOH~/H~+l. 
3. Characteristic classes of automorphism groups of principal fibre bundles 
Suppose that H is a Lie group, P is a smooth principal H-bundle over B and h is 
the Lie algebra of H. Let T, be the tangent space at a point z E P and I, : T, ---, f~ be a 
linear map such that, if v E T, is a vertical vector, Zz(u) is the corresponding element of 
h defined by the action H on P. The space p of all such maps I, (z E P) is a smooth 
fibre bundle over P with the projection p : I, + z. For any h E H, denote by 4(h) 
the following transformation of 1, : I, -+ ad h-l o 1, o (&-I)*, where ad is the adjoint 
representation of H and Rh-l is the transformation of P induced by h-l. 
Notice the following evident properties of the fibre bundle P: 
(i) The fibers of the fibre bundle p over P are affine spaces. 
(ii) The transformation b(h) (h E H) is the automorphism of the affine fibre bundle 
p over P; the correspondence h + 4(h) defines a free action of H on p’, and p/H is 
a smooth fibre bundle over B with affine fibers and the projection p’ induced by p. In 
particular, the spaces p/H and B are homotopically equivalent. 
(iii) A connection form w on P is a smooth section of the fibre bundle p/H over B 
or, what is the same, a smooth section of the fibre bundle P over P compatible with 
the actions of H on P and p. 
Define the canonical (tautological) connection on the principal H-bundle P by its 
form K assigning to each tangent vector w at I, E p the vector /Jp:w) E f~. By G 
denote the automorphism group of the principal H-bundle P; in an obvious way the 
action of G extends to P and p/H. 
Proposition 1. (i) The canonical connection is invariant under G. 
(ii) Suppose that w is a connection form on P and s : P --) p is the corresponding 
section; then w = S*K. 
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The proof immediately follows from definitions. 
Recall the definition of the Chern-Weil homomorphism for a connection form w on 
a smooth principal H-bundle Q with base N. Let I(h) be the ring of polynomials 
on b, invariant under the adjoint representation of H, and f E I(b) be a homogeneous 
polynomial of degree k. If R is the curvature form of w, denote by f(R) the differential 
2k-form on N got by the substitution of R for the variables of f with the following 
alternation. The homomorphism I(h) + H*(N;IW), induced by the correspondence 
f + f(R), is called the characteristic Chern- Weil homomorphism for the connection 
form w. 
Denote by Ir’ the curvature form of the canonical connection K and apply the Chern- 
Weil homomorphism for K; then f (Ii), for any homogeneous polynomial f E I(b) 
of degree k, defines a G-invariant closed 2k-form on P/H depending only on the 
structure of the principal H-bundle P. The cohomology class of f(K), belonging to 
H’(F/H; Iw) = H*(B; rw), is called the characteristic class of the principal H-bundle P 
associated with the polynomial f. From Proposition 1 it follows that the cohomology 
class of f(K) coincides with the cohomology class of f(R), where R is the curvature 
form of any connection on P. 
Suppose that wn, . . . , wp is an ordered system of connection forms on P and SO,. . . , sp 
is the corresponding system of sections of the fibre bundle P/H over B. Let Ap be 
a p-dimensional simplex of an affine space with linearly independent vertices and $+, :
A,xB-+ P/H be a map defined by the following formula: 
d+(t, x> = 5 tisiw, (1) 
i=o 
where to, . . . , t, are the barycentric coordinates of t E Ap and x E B. The right hand 
side of (1) has a correct meaning because of the affine structure on the fibers of the 
fibre bundle P/H over B. We denote by f(wu,. . . , wp) the result of the integration of 
the form c&f(K) over the sections Ap x {x} (x E B) of the cross product Ap x B. It 
is clear that f (wo, . . . , wp) is a (2k - p)-form on B independent of the choice of the 
simplex Ap . 
Proposition 2. The forms f(wo, . . . , wp) have the following properties: 
(i> f(w0,. . . , wp) is skew-symmetric in wa, . . . , wp; 
(ii> f(w) = f(R); f (wa, . . . , w,)=Oforp<2k-n orp>k, wheren=dimB; 
(iii) Cyzt(-l)” f (wo,. . . ,cj;, . . . , wp+l) = (-1)rdf (wo, . . . ,wp+l), where d is the exte- 
rior derivative, and the sign* means that the corresponding variable is omitted. 
Proof. (i) and the first equality of (ii) are evident. Let &, : Ar, x P + P be the map 
defined by the following equality 
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where to,. . . , t, are the barycentric coordinates of t E Ap and z E P. By definition of 
the curvature form R = dw + i[w,w], we have 
&I{ = et;ni- ~~t~[Wi-wO~wi-wO] 
i=O i=l 
P P 
(2) 
+ $ C t;tj[Wi - Wo,Wj -Wo] + Cdti A (Wi -WO), 
i,j=l i=l 
where Ri is the curvature form of wi. The equality (2) immediately implies that the 
highest degree of the form $gf(K) with respect to the differentials dt,, . . . , dt, is equal 
to k, and therefore, for p > k, f(wo,. . . ,wp) = 0. Besides, from (2) it follows that the 
form $$f(K) (p 6 k) can be represented as Cf;=o (6’; A#, where 4’; is the form of degree 
i of Ap and 4: is the form of degree 2k - i of B. Therefore, 
f(Wo,...,Wp) =
The equality d(4gf(lr’)) = 0 implies d&, A C& + (-l)P& A d4&, = 0 and, then, the 
integration of this equality gives us the condition (iii). 0 
Put x = P/H and denote by G the automorphism group of P. It is clear that 
G can be considered as a transformation group of X. Then, for the canonical connec- 
tion, the Chern-Weil homomorphism induces the homomorphism I( 9) -+ H*(fl*(X)G). 
The image of the composition of this homomorphism with the characteristic map 
X : H*(R*(X)G) + E, (or Xc : H*(R*(X)G) + E,) gives the set of characteristic 
classes of G. Clearly, the set of such characteristic classes of order 0 coincides with the 
image of the Chern-Weil homomorphism. 
Suppose again that f E I(h) is a homogeneous polynomial of degree k and f(K) is the 
corresponding 2k-form on X. Let w be a connection form of P; then wr = p*w is the 
connection form of the principal H-bundle p. Suppose that gr, . . . ,gp E G and define 
the cochains cp E C~;~~-p-l and Z, E C~,$’ of the complex Ccont(G, X; R) as follows: 
c&1, * * * &I) = -f(K,Wl,gl*Wl,...,g6Wl), 
Cp(g1,... ,gp) = f(w,w;, . . . ,@Jl) =P*f(~,@+,~;~), 
where & = gio..‘ogr (; = l,...,p) and we apply the previous construction to the 
principal H-bundle p. 
Proposition 3. The cochains cp and i3, have the following properties: 
(i) cp = 0, for p 2 k; 
(ii) E, = 0, for p > k or p < 2k - n, where n = dim B; 
(iii) 6’cp = -6”cp+r - Ep+r (p = 0,. . . , k). 
The proof immediately follows from the definitions and Proposition 2. 
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Theorem 1. Suppose that P is a smooth principal H-bundle with n-dimensional 
base B, f E I(b) is a homogeneous polynomial of degree k, and f(K) is the H-invariant 
2k-form on the base X = P/H of the associated principal H-bundle P. Then, for the 
characteristic class ch( f) of G = Aut P induced by f, the following conditions hold: 
(i) if k > n, ch(f) = 0; 
(ii) if n < 2k < 2n then ch( f) is given by the cocycle Z2k+ + . . . + i51, of the complex 
Ccont(G, X; IR) and, hence, the order of this class > 2k - n; 
(iii) if 2k < n and there exists a connection form w on P such that f(w) = 0 then 
the class ch( f) is given by the cocycle II + . . . •t 21, of the complex Ccont(G, X; R) and, 
hence, the order of this class > 1. 
Proof. Since f(K)- f(w) = df(w,K) = 6~0-6 ‘co, applying consecutively the equalities 
(iii) of Proposition 3 for p = 0,. . . , k - 1, we obtain 
f(K) - f(w) = S(c, t . . ’ t Q-1) t 21+ . . . t Zk. 
Then, all the statements of the theorem follow from conditions (i) and (ii) of Propo- 
sition 3. Cl 
Consider in detail the cases (ii) and (iii) of Theorem 1. 
In the case (ii) &+(gr, . . . ,g2k_n) (gr, . . . ,g2k+ E G) can be considered as a closed 
n-form on B. Suppose that B is a closed oriented manifold; if we assign to every ordered 
system (gr,... ,g2k+) of elements of G the cohomology class {&&_n(gr,. . . ,g2k_n)} 
of the form &&n(gr,. . . , g2&n), we get the (2k - n)-cocycle ~f,~ of the complex 
C,“(G;H”(B,IR) = C,*(G;R) f o continuous cochains of G with the coefficients in 
H”(B;R) defining the required characteristic class ch(f) of G, if the order of this 
class is equal to 2k - n. We can get another form of this cocycle by putting 
Cf,n g1,***, ( %k-n) = J z21e-n g1, ( * * * , gak-n)* B 
This form of ~f,~ coincides with the corresponding cocycle of A. G. Reiman, M.A. 
Semenov-Tian-Shansky and L.D. Faddeev [lo] for f. 
Assume that ~f,~ = 0. Consider a Riemannian metric on B and the corresponding 
Hodge decomposition of the space flp = W(B) of d ff i erential p-forms of B in the direct 
sum of the space HP of harmonic forms, the space dRr_’ of forms of QP homologous 
to zero, and the space 60 P+r of forms of RP cohomologous to zero. It is obvious that 
dW’-l and 6Rp+’ are closed subspaces of flp with respect to C*-topology and the 
exterior derivative d induces the isomorphism of SV onto dRp_l as topological vector 
spaces with C m-topology. Denote by op the inverse isomorphism of dRr_l onto 60P. 
Then, if cf,n = 0, we obtain 
&k-n = ( -1)2k-n6”( on 0 &&) 
= 6((-1) ‘Ic-%Vn 0 &&_n) - 6’((-l)2k--n& 0 ?2k_n) 
and, therefore, the characteristic class ch( f) is defined by the cocycle ?zk_n+i t 
&/c-n+2 + “’ + EI, of the complex C,,,t(G,X; Iw), where &?k_n+1 = &k-n+r + 
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~‘((-1)2k-n-1a,o~2k_n) E C~~~nflYn-l. Now, if i?2k_n+l define again a trivial cocycle of 
the complex C*( G; H”-l (B; Iw)) we can proceed in the same way. Finally, either we ob- 
2k-n+s,n-s 
tain the cocycle i&_n+s t Z2k_n+s+l t e e .tZk (s < n-k), where ?~k_~+~ E Ccont 
defining the characteristic class ch(f) of order 2 21c - n + s, or we obtain the trivia; 
cocycle and, hence, ch(f) = 0. 
In the case (iii) the same reasoning as for &]c_,, in the case (ii) can be applied to 21 to 
get the cocycle of some cohomology class cf,2k_l(w) of HE(G; H2”-l(B)). If cf,2k_l # 0, 
cj,2k-l( > h P w is t e re resentative of the characteristic class ch(f) of order 1 depending 
on w. Thus, cf,2&_1(W) is analogous to the Chern-Simons secondary characteristic class 
defined by f and w [4]. If cf,2k_l(W) = 0 and B is a closed oriented manifold, we can 
proceed as in the case (ii) with the same results. 
4. Characteristic classes of foliation-preserving groups of diffeomorphisms 
We use in this paragraph the Bernstein-Rosenfeld version of the theory of charac- 
teristic classes of foliations [2]. 
Suppose M is a manifold and F is a foliation of codimension n on M. Let u be a 
local submersion of a neighbourhood U of 2 E M into IWn such that u is constant on the 
leaves of the restriction of F on U and U(Z) = 0. The space S(F) of co-jets jFu of such 
local submersions is the manifold modelled on the space Iwoo. The natural actions of 
the groups GL(n,R) and 0( ) n on IWn induce the actions of these groups on S(F). The 
quotient spaces S’(F) = S(F)/GL(n,R) and S”(F) = S(F)/O(n) are also manifolds 
modelled on the space Iwoo. It is known that there are smooth homotopic equivalences 
between S’(F), S”(F) and M. Th ere ore f the cohomologies of the de Rham complexes 
of S’(F) and S”(F) are isomorphic to the real cohomology of M. 
Denote by 3( the topological Lie algebra of formal vector fields of IWn, i.e., the co-jets 
of vector fields of En at the point 0 E IWn with the bracket operation induced by the Lie 
bracket of vector fields and the topology of the projective limit of finite order jets. On 
S(M) there exists the canonical l-form 4 with values in 3( defined in the following way. 
A smooth path X of S(F) p assing through a point s = j,M E S(F) can be represented 
by a smooth family u(t) = d(t) o u (ItI < E) of local submersions of the above type, 
where d(t) is a smooth family of local diffeomorphisms of EP such that d(0) is the 
identity map in some neighbourhood of 0 E IWn. Then, if v is the tangent vector of X at 
s, 4(v) is the co-jet of the vector field g’(0) at 0 E lWn. By construction, 4 is invariant 
under the group G of diffeomorphisms of M preserving the foliation F. 
Recall the definition of the complex C*(a) = {Cq(%),@} of cochains of the Lie 
algebra I# with coefficients in the trivial ?2&module Iw. Cq(!Zl) is the vector space of 
continuous q-linear skew-symmetric forms on fl and the differential 64 : Cq(%) ---f 
Cq+‘(?24) is defined as follows: 
where c E P(n) and &, . . . , tq+l E ?X 
214 M. V. Los& 
A cochain c E Cq(!24) is called a relative cochain of the pair Q, GL(n,IW), if c is 
GL(n,IW)-invariant and, for every [ E gl(n,IW) c !2i, t J c = 0. It is easily proved that 
the space C*(2l, GL(n,IW)) f 1 t o re a ive cochains of the pair a, GL(n, Iw) is the subcomplex 
of C*(m). In an analogous way the subcomplex C*(Zl, O(n)) of relative cochains of the 
pair %,0(n) is defined. 
It is clear that the correspondence (WI,. . . , vq) + c(g4(q), . . . , qS(v,)), where ~1,. . . , vq 
are tangent vectors of S(F) at any s E S(F), defines the G-invariant q-form c(4) on 
S(F), for every c E U(n). S ince 4 satisfies the Maurer-Cartan condition d4 = -$[4,4], 
the map: c ---) c(4) is the complex homomorphism y : C*(m) + R*(S(F))G. It is easily 
proved that y induces the following complex homomorphisms: yr : C*(O,GL(n,IW)) -+ 
fl*(S’(J’))G and y2 : C*(n, O(n)) --f R*(S”(F))G. 
The composition of yr or y2 with the characteristic maps of G as the transformation 
group of S’(F) or S”(F), respectively, gives the set of characteristic classes of G. For 
S”(F), the set of these characteristic classes of order 0 coincides with the set of known 
characteristic classes of the foliation F. 
Recall some facts on the cohomologies H*(a), H*(%,GL(n,IW)) and H*(%,O(n)) 
[7]. Put L = IWn and let R[[L]] be the algebra of formal power series on L. It is clear 
that rz( = R[[L]] 8 L = I$Q_~~~, where gp = P*‘(L) 8 L. 
Consider the Weil algebra W(gu) of the Lie algebra go = gl(n,IW). Recall that the 
Weil algebra W(g) f L o a ie algebra g is the tensor product R*(g*)@S*(g*) of the exterior 
and the symmetric algebras over g* graduated by the subspaces IV’ = Cs+2t=p A”(g*)@ 
St(g*). W(g) is supplied with the differential D defined as follows: Da = Dgo + or, 
where Q E Al(g*), D, is the differential of A*(g), as the complex of cochains of g with 
coefficients in the trivial g-module Iw, and 6 is (Y considered as the element of Sr(g*). Let 
J be the ideal of W(gu) generated by the subspace Cr,n S’(gE) and IV, be the quotient 
complex W(ge)/J. It is known that the natural projection 2I + go defines the complex 
homomorphism 7r : IV, --) C*(n) which implies the isomorphism H*(W%) = H*(a). 
Define the elements sp E SP(g;) as follows: sr(Xr, . . .,X,) = Sym tr(Xr . . . ..X,), where 
Xl , . . . ,X, E go and Sym means the symmetrization in 1,. . . ,p. Denote by SW, the 
subalgebra of W, generated by sr , . . . , sp. It is known that K induces the isomorphism 
H*(W,,GL(n,R) = SW,. 
Finally, the cohomology H*(ge) is isomorphic to the exterior algebra A*(hr, . . . , h,) 
with GL(n, IR)- invariant generators h, E A2P-r(ge) (p = 1,. . . , n). Consider a trans- 
gression cochain cp of h,, i.e., such a GL(n,IW)-invariant cochain of degree 2p - 1 of 
W,, whose component in A2P-l(g$) is equal to h, and Dh, E SW,. We can choose 
h, such that DC, = sp (p = 1,. ..,n). The subcomplex WO, of the complex W, 
generated as an algebra by cl, cg,. . . , cq, where q is the maximal odd < n, is isomor- 
phic to A*(cr, ~3,. . . ,cg) CTI SW,. It is known that K induces the cohomology isomor- 
phism H’(W0,) = H*(Zl,O(n)). It is easily proved that H2”+‘(W0,) has the basis 
C1~(snl...S,k)(IC=1,...,72; nr+...+n,,=n). 
Now we show that the characteristic classes of G of order n + 1, derived from the 
cohomology group H”“+‘(!U,O(n)), can be defined by the explicit formulas for the 
corresponding cocycles. 
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At first, we note that the l-form 0 with values in go on S(M) obtained by the 
composition of 4 with the natural projection II * ’ + go 1s a G-mvariant connection form 
on S(M) as a principal GL(n, IW)-bundle over S’(M). It can be easily proved that the 
curvature form 0 of this connection vanishes on vertical spaces of the fibre bundle 
S(M) over M. Identifying S*(gG) with the polynomial algebra of ge we obtain that 
I(g0) = SW, an d for the connection form 0, the Chern-Weil homomorphism f * , 
f(O) (f E I(go)) coincides with the homomorphism SW, c C*(n) --t R*(S’(M)). 
Consider some (2n + 1)-basic cocycle c = cl 18 (.s,~ . . .snk) (nr + ... + nk = n) of 
C*(%, O(n)). Fix some Riemannian metric ds2 = g;jdxjdxj on M. Clearly A = det(g;j) 
is the smooth function on S”(M), ~(4) = trO and the l-form q(4) - ;lnA on S(M) 
vanishes on the vertical spaces of the fibre bundle S(M) over M. Then, by virtue of 
the condition nr + .. . + nk = n and the above property of O,C(~) = id(lnA . snl(O A 
. . . A hqJ@)). 
Consider now snl (@)A . . . AS&@) as a G-invariant 2k-form on S’(M). Let us take, 
for the initial connection form w, the Levi-Civita connection form of the above Riemann- 
ian metric. Continuing in the same way, as in the proof of the case Ic = n of Theorem 1, 
and denoting by w’ the induced by w connection form on the principal GL(n, IW)-bundle 
S(M), we obtain the cochains q,(gr,. . .,gP) = -f(O,w’,g;w’, . . . ,gGw’) E C~;$P-’ 
(G, S’(M); R) and L(gl, . . . ,gn) = f(w’,g;w’, . . . ,g$J) E C,“d,“,(G, S’(M); R) (g; E G), 
where f is the invariant polynomial on ge defined by s,~ . . . snk . These forms satisfy 
the following conditions: 
c = 0, forpa n; 
6’c = -6°C p+lv 
6’cp,_l = -I,. 
forp=O,...,n-2; (3) 
Besides, from (2) it follows that 
&&l ,...,sn> 
= Alt(1,. . . ,n) tr([r A . . . A en,) A . . . A tr(&+...+,,_,+l A . . o A In), 
where [; =gtw’-w’ (i= l,...,n) and Alt(1,. . . , n) means the alternation in 1,. . . , n. 
Lifting all these forms from S’(M) to S”(M) we can consider cp and Z, as cochains 
of C&,(G, S’(M); II%). Define th e cochains 1, E CE;$-P(G, S”(M); Iw) (p = 0,. . . , n) as 
follows: 
h~=lnA.s~,(@)A . . . A$(@), 
IPbl , . . . ,gp) = (S’ln A)(sdsTc,-da,. . . ,gp), 
wheregl,... ,g, E G and In A is considered as the cochain of Cz;L,(G, S’(M); IW). 
From the evident equality g*E,(gl, . . . ,gn) = l,(gr, . . . ,gn) (g,gl,. . . ,gn E G) and 
(3) it follows that 
c(4) = @(lo + . .- + In) + $(s’lnA) .2,. 
Thus, we obtain the following 
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that M is a closed oriented manifold and the characteris- 
by the cocycle c(4) h as order n + 1; then this class belongs 
= II,“+’ (G; IQ) and is represented by the cocycle c~~,,.+~ = 
We can get another form of c~~,...,~~ by putting 
C n1 ,*..,nk k71 ,...,Sn+l) = 3 
J 
((S’ln A> . &)(a,. . . ,gn+l), 
M 
where gr, . . . , gn+r E G and we consider the integrand as an n-form on M. This form 
of c,1 ,...,?Q coincides with the corresponding cocycle of R. Bott [3]. 
Theorem 3. The characteristic classes of G = Diff M as the. transformation 
group of S”(M), d erived from classes of the kernel of the natural homomorphism 
H*(8, GL(n, R)) -+ H*(?2i,O(n)) vanish. 
Proof. Suppose that T is the space of symmetric positively definite tensors of type 
(0,2) with the natural action of the group GL(n,IW). Clearly S(M) xGL(n,RIT = S”(M). 
Suppose that r is a Riemannian metric on M, x E M, u is a chart in a neighbourhood of 
z, such that U(X) = 0, and s = jpu E S(M); then, assigning to s the tensor u*r(x) E T, 
we obtain the map S(M) + T, compatible with the actions GL(n,IW) on S(M) and T, 
and the section s, : S’(M) + S”(M) of the natural fibre bundle Q : S”(M) + S’(M), 
induced by this map. 
Suppose 91 , . . . , g, E G, AP is a p-dimensional simplex of an affine space with linearly 
independent vertices and h(r;gr, . . . ,gP) : AP x S’(M) --t S”(M) is the map defined as 
follows: 
h(r,gr,... &)(QI) = S,(,)(Y), 
where y E S’(M) and r(t) = tar + Cyzl tig; o . . . o gfr and to,. . . ,t, are barycentric 
coordinates of t E A,. 
Let c be a 2k-cocycle of C*(I#,GL(n,R)) and let there exist b E C2k-1(!2i,0(n)) 
such that c = S2”-l b. Then, for the corresponding forms c(d) E 021C(S’(M)) and 
i(4) E fi21c-1(S”(M)), db($) = q’c(q5). Define the cochains cp(r,b) E C,“~~-“-’ (p = 
, . . . ,2k - l), which assign to (gr,. . . ,gP) the result of the integration of the form 
h*(r; gl, . . . ,g,)b(b) over the sections of AP x {y} (y E S’(M)) of the cross product 
AP x S’(M). Since h*(r; gr, . . . , gP) o Q*c(~) = p$c($), where p2 : AP x S’(M) ----f S’(M) 
is the projection on the second factor, we obtain by easy calculations the following 
equations: 
S’c&, b) = -6”cP+l(r, b) (p = 0,. . . ,2k - a), 
6’c2k_r (r, b) = 0. 
Then, if we consider ~(4) as the cochain of Cz$-‘(G,S’(M);R), we have c(4) = 
s;l o Q*c($) = Sco(r,b) - 6’co(r, b) = 6(co(r,b) + q(r,b)) - #q(r,b), etc. Finally, we 
obtain ~(4) = G(co(r,b) + ..+ + c2k_1(r, b)). Cl 
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Let again F be a foliation of codimension n on a manifold M and u be a submersion 
of a neighbourhood U of 2 E h4 into IWn constant on leaves of the restriction of F 
on U. Denote by G(z) the set of germs of such submersions at z. Clearly, for any 
U, ZJ E G(z), there exist a unique germ &(u, w) of a local diffeomorphism of IWn such 
that d,(u,v)(u(s)) = u(z) and v = dz(u, v) o u. We say that F has a transversal 
Riemannian structure, if there is given an open covering (Ui) of M, a collection of 
immersions h; : U; ---) IWn of the above type and a Riemannian metrics r; on h;(U;) such 
that, for any i,j and z E Ui n Uj, dz(h;, hj)rj(hj(z)) = r;(h;(z)). 
If F admits some transversal Riemannian structure we can establish the statements 
of Theorem 2 and 3 with evident modifications for the group G of diffeomorphisms 
of M preserving F using, instead of S(M),S’(M), S”(M) and the Riemannian metric 
r, S(F), S’(F), S”(F) an some transversal Riemannian structure, respectively. d 
Suppose now that a homogeneous polynomial f E I(gu) of degree 2k is the poly- 
nomial F in the universal Pontrjagin classes. If M is an oriented closed (4k - l)- 
dimensional manifold, applying Theorem 1, (ii) to the principal GL(n, IW)-bundle P(M) 
of linear frames of M, we obtain the cocycle Er + . . . + iZ2k defining the characteristic 
class of order 2 1 of the group C = Aut P(M). Th is class induces the characteristic 
class ch(f) of the group Diff M as a subgroup of G. It is clear that the order of ch(f) > i 
if and only if JM f(wo, g*wo) = 0 for any g E Diff M and an affine connection form of 
M. If this condition is satisfied, we can define the functional qf on the space of affine 
connections of M as follows: vf(U) = J,( wo,w), where w is any affine connection on 
M. In that case, applying Proposition 2, (iii), we obtain qf(g*w) = (degg)qf(w), where 
g E Diff M and degg = fl is the degree of g. Clearly the functional qf is defined up 
to an additive constant depending on the choice of we. 
Now let F = LI, be the Hirzebruch polynomial. Then the existence of the known 
Atiyah-Patodi-Singer functional 77 [l] on the space of Riemannian metrics on M implies 
that, for every M, the order of ch(f) > 1 and the restriction of the corresponding 
functional qf on the space of Levi-Civita connections of Riemannian metrics on M 
coincides up to an additive constant with q. Thus, the functional 17 establishes, for 
F = Lk, the choice of functional qf for every M. In the general case, for arbitrary f, 
the functional qf can exist for some fixed M. 
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